It is shown that every periodic continuous function has a unique best L1-approximation from a given periodic spline space, although these spaces are not weak Chebyshev in general.
INTRODUCTION
Standard spaces for approximating periodic continuous functions f: [a, b] -+ R (i.e., f(a) =f(b)) are spaces of periodic splines. We denote by P,(K,) the n-dimensional space of periodic splines of order m 3 2 with the set of knots K, = {x0, . . . . x,), where a=x,<x,<...<x,_,<x,=b.
The space P,(K,) is weak Chebyshev for odd n. We show that any periodic weak Chebyshev space G (i.e., g(u) = g(b) for all g E G) with some additional property is necessarily of odd dimension. In particular, the space P,(K,) is not weak Chebyshev for even n.
Our object is to prove a uniqueness result on best &-approximation by periodic splines. The standard spaces for which uniqueness of best L,-approximations is known are all weak Chebyshev and have even a stronger property (A) (cf. Sommer [4] and Strauss [S] ). We show that every periodic continuous function has a unique best L,-approximation from P,(K,), although P,(K,) is not weak Chebyshev in general. 114 the space of periodic splines of order m with the set of knots K,. An n-dimensional subspace G of C [a, b] is called weak Chebyshev, if every function g E G has at most n -1 sign changes; i.e., there do not exist points a<t,<...<t,+, < b such that g(t,) g(tl+ 1) < 0, i = 1, . . . . n. We note that by induction on m using Rolle's theorem it is not difficult to verify that every spline in P,(K,) has at most n -1 (respectively az) sign changes, if n is odd (respectively even). In particular, the n-dimensiona space P,(K,) is weak Chebyshev for odd n (compare also Schumaker [3 Our first result on weak Chebyshev spaces of periodic functions imp1 that this is not true for even n.
A subspace G of C [a, b] is called periodic, if g(u) =g(b) for all go G. This definition differs from that given in Zielke [6, p. 201 .
We next show that certain periodic weak Chebyshev spaces must have odd dimension. A similar result, which can be easily derived fro Theorem 1, was proved in Zielke [6, p. 203 . If there exists a function g, E G with g,,(a) # 0, then the dimension of G is odd.
Proof. Let g,, . . . . g, form a basis of the n-dimensional periodic weak Chebyshev subspace G of CCa, b] . Since the functions g, , . . . . gn are linearly independent, there exist points a < t, < . . . < t, 6 b such that the determinant det(g,(t,)):,, I is nonzero. Thus there exists a function g E G such that
We first consider the case g(u) ~0. Then we have sgn g(a) = -1, since otherwise by considering the points a, t,, . . . . t, we see that g has n sign changes, contradicting the assumption that G is weak Chebyshev. Since g is a periodic function, we have sgn g(b) = -1. For even n we get sgn g( t,) = 1. By considering the points tl, . . . . t,, b we see that g has again n sign changes, contradicting our assumption. We now consider the case g(a) = 0. Let g, E G be the function with go(a) Z 0. e may assume that sgn go(a) = 1. For all E > 0 we define the function g, E G by g, = g + ego. Then sgn se(a) = 1 and for sufficiently small E > 0 we still have sm .!Yetti) = ( -1 Ji9 i=l n. 2 *.., Hence g, has at least n sign changes, contradicting our assumption. This proves Theorem 1.
We note that Theorem 1 is no longer true, if we drop the assumption that there exists a function g, E G with go(a) #O. This can be seen by following the example.
Letpointsa=x,<x,<.-.<x,+,=bbegivenandG=span(B~,...,B::}, where for each iE (1, . . . . n> the function By is the B-spline of order m with support k, x~+,,J. Th en it is well known that G is an n-dimensional periodic weak Chebyshev subspace of C[a, b] such that g(a) = 0 for all g6 G (see Schumaker [3] ).
Following the proof of Theorem 1 we see that the next result holds. (2) In the following we prove a global unicity result for best Li-approximations from P,(K,). For doing this we need some notations and results. The first result on zeros of periodic splines can be found in Schumaker [3] . The next result on weak Chebyshev spaces is well known (see, e-g., Deutsch, et al. [ 1 ] ). LEMMA 4. Let an n-dimensional weak Chebyshev subspace of G[a, bj and points a = t, < tl < . . . < t, < t,, I = b be given, where 0 < r Q n -1. Then there exists a nontrivial function g E 6 such that
The following characterization of best L,-approximations can be foun in Rice [2] . THEOREM 
Let G be a subspace of C[a, b] and f~ C[a, b]. The following statements hold: (i) A function grE G is a best L,-approximation off if and only iffor all g E 6,
(ii) If g,, g2 E G are best L,-approximations off, then
We are now in position to prove the announced unicity result. for all c cd. Suppose for the moment that the claim is true. Then it follows that (6) (7)
Then by Theorem 5 the spline &so is not a best &-approximation off from P,(K,,) which is a contradiction, since s, = 0 and s0 E P,,,(K,) are best &-approximations ofJ: Therefore, it remains to prove the existence of the spline s as in the claim. It suffices to consider three cases.
Case 1. IZ(s,)l < cg. We first consider the case when n is odd. It follows from Lemma 3 that 1 Z(Q) n (a, b)J <<n -1. Then by (6) the function f-$sO has at most rz -1 sign changes. Thus there exists a sign a~{-& l} and points a=t,<t,<...<t,<t,+l=b, whereO<r<n-1, such that a( -qi (f(t) -t&#)) 2 0, t E [ti-*, t,], i= 1, ,.., r.
Since n is odd, Pm(&) is an n-dimensional weak Chebyshev space. Therefore, by Lemma 4 there exists a nontrivial functon SE P,(K,) such that
Then it follows from (9) and (10) that the spline s has the desired property (7).
We now consider the case when n is even. We set K,-1 = (yo, . . . . y,-1}, where yi = xi, i = 0, . . . . n-2, and yn-r =b. Since n-l is odd, P,(K,-,) is an (n -l)-dimensional weak Chebyshev space. Case 1.1. f(a) -$,,(a) = 0. It follows from (6) that s,,(u) =O. Then by Lemma 3 we have ) Z(s,) n (a, b)J dn -1. Therefore, by (6) the function f-$so has at most n -1 sign changes. If f -$,, has at most n -2 sign changes, then analogously as in the case when II is even, there exists a spline s E P,(K,-i) c P,(K,) satisfying (7). If f-$s, changes sign at n -1 points f1 < ..a < t,-i in (a, 6), then by (6) we have t,, . . . . t,-1 E Z(s,). Since s,,(a) = 0, it follows from Lemma 3 that Z(s,) n (a, b) = ( tl, . . . . t,-1 1 and se changes sign at the points t,, . . . . b,-1. Therefore, the spline s = so or s = -s0 satisfies (7). in (a, b) , then by (6) we have t 1 ) . ..) r, E Z(Q). Moreover, it follows from Lemma 3 that Z(s,) A (a, 6) = it 1, *.., t,) and s0 changes sign at the points fl, ..*, t,. Therefore, the spline s = s0 or s = --so satisfies (7). Schumaker [ 33 ) . Then by (6) the function f -$.q, has at most p -fsign changes in (xl, xq). Therefore, analogously as above there exists a spline s E G such that (f(t) -k%(t)) s(t) 2 03
We now extend s to [a, b] by defining s(t) = 0, t E [a, -%I u cx,, bl, which implies that s E P,(K,) has the desired properties (7) and (8). 
